HISTORY OF MATHEMATICS
MATHEMATICAL TOPIC XII
COMPLEX NUMBERS

PAUL L. BAILEY

1. COMPLEX ALGEBRA
Define addition and multiplication on the set R? by

(1,91) + (22, 92) = (21 + 22,41 + ¥2)
and
(x1,91) - (T2,y2) = (®122 — Y1Y2, T1Y2 + T2y1)-

Let C denote the set R? together with this addition and multiplication; we call C
the set of complex numbers.

Let f: R — C be given by f(z) = (z,0). This embeds the real line into C, in
a manner which preserves addition and multiplication; we call the image the real
axis, and identify R with its image.

Let i = (0,1). Then i2 =i-i = (=1,0) = —1. We call {(0,y) | y € R} the
1maginary axis.

Every element of C can be written as = + 7y in a unique way, where z,y € R;
that is,

C={z+iy|z,yecR,i*=—-1}.

One can show that these operations have the following properties:

(F1) a+b=>b+a for every a,b € C;

(F2) (a+b)+c=a+ (b+c) for every a,b,c € C;

(F3) there exists 0 € C such that a + 0 = a for every a € C;

(F4) for every a € C there exists b € C such that a + b = 0;

(F5) ab = ba for every a,b € C;

(F6) (ab)c = a(be) for every a,b,c € C;

(F7) there exists 1 € C such that a -1 = a for every a € C;

(F8) for every a € C~ {0} there exists ¢ € C such that ac = 1;

(F9) a(b+ ¢) = ab+ ac for every a,b,c € C.
Together, these properties state that C is a field. Note that

o 0=0+410;

o 1=1+i0;

o —(z+iy) = —z+i(—y) = —v —iy;
o (x+iy)~t =4k

Date: December 11, 2006.



2. CoMPLEX GEOMETRY

Let z =  + iy be an arbitrary complex number. The real part of z is R(z) = «.
The imaginary part of z is I(z) = y. We view R as the subset of C consisting of
those elements whose imaginary part is zero.

We graph complex number on the xy-plane, using the real part as the first coor-
dinate and the imaginary part as the second coordinate. Under this interpretation,
the set C becomes a real vector space of dimension two, with scalar multiplication
given by complex multiplication by a real number. We call this vector space the
complex plane.

Thus the geometric interpretation of complex addition is vector addition.

Let z = x+14y be an arbitrary complex number. The conjugate of z is Z = x —1iy.
This is the mirror image of z under reflection across the real axis. The modulus of
z is |z| = \/#2 + y2. This is the length of z as a vector. Note that 2z = |2|?. The
angle of z, denoted by Z(z), is the angle between the vectors (1,0) and (z,y) in the
real plane R?; this is well-defined up to a multiple of 2.

Let r = |z| and 8 = Z(z). Then x = rcosf and y = rsin . Define a function

cis:R—C by cis(d) =cosf+isiné.
Then z = rcis(f); this is the polar representation of z.
Recall the trigonometric formulae for the cosine and sine of the sum of angles:

cos(A + B) = cos Acos B — sin Asin B
and
sin(A + B) = cos Asin B + sin A cos B.
Let z; = ricis(61) and zo = rocis(fz). Then
2129 = r1ra(cos by + isinfy)(cos Oy + isin by)
= r17ro((cos 01 cos By — sin 0y sin ) + i(cos 0 sin Oz + sin O cos 0s))
= ryra(cos(fy + 62) + isin(6; + 65))
= ryracis(6y + 62).
Thus the geometric interpretation of complex multiplication is:

(a) The radius of the product is the product of the radii;
(b) The angle of the product is the sum of the angles.

In particular, if |z] = 1, then z = cis() for some 6, and 2™ = cis(nf). Restate
this as
Theorem 1 (DeMoivre’s Theorem). cis"(6) = cos(nf) + isin(nf).

Example 1. Let f: C — C be given by f(z) = 2z. Then f dilates the complex
plane by a factor of 2.

Example 2. Let f: C — C be given by f(z) = iz. Then f rotates the complex
plane by 90 degrees.

Example 3. Let f : C — C be given by f(z) = (1 +i)z. Note that |1 +i| = v/2
and Z(1+1i) = §. Then f dilates the complex plane by a factors of V2 and rotates
it by 45 degrees.



3. COMPLEX POWERS AND ROOTS

Let z = rcis(f) and let n € N. Then 2™ = r"cis(n0).
The unit circle in the complex plane is
U={z€C||z|=1}.
Note that if uy,us € U, then ujuy € U.

Let ¢ € C and suppose that (" = 1. We call ¢ an n*" root of unity. If (™ # 1

for m € {1,...,n — 1}, we call ¢ a primitive n*™™ root of unity.
Let ¢ = cis(2X). Then (" = cis(n2X) = cis(27) = 1; one sees that ( is a primitive
n*™ root of unity. Thus primitive roots of unity exist for every n. As m ranges from
0 to n — 1, we obtain distinct complex numbers (™, all of which are n'® roots of
unity. These are all of the nt? roots of unity; thus for each n € N, there are ezactly
n distinct n'® roots of unity.

If one graphs the n'" roots of unity in the complex plane, the points lie on the
unit circle and they are the vertices of a regular n-gon, with one vertex always at
the point 1 = 1 + 40.

Let z = rcis(f). Then z has exactly n distinct n'h roots; they are

Vz = {L/FC,Tcis(g), where m € {0,...,n —1}.
n

The Fundamental Theorem of Algebra states that every polynomial with complex
coeflicients has a root in the complex numbers.



4. COMPLEX ANALYSIS

Let f: C — C. We say that f is continuous at zg if for every € > 0 there exists
d > 0 such that |z — zp| <0 = |f(2) — f(20)] < e.
We say that f is differentiable at zo if the limit

Fon) — tim T2 =0
zZ—20 Z— 20

exists.

Complex differentiability has some amazing consequences; for example, it can be
shown that every complex differentiable function is analytic.

We use the Taylor series expansion for several real transcendental functions in
order to define their complex counterparts.

Define the complex exponential function

exp: C — C by exp(z) = Z %
n=0

Define the complex sine function by

3 5 7
sin: C — C by sin(z):z—%+%—%+,,,
Define the complex cosine function by
22 2t S
cos: C — C by COS(Z>:1_§+I_E+”'

Note that exp, sin, and cos, when restricted to R C C, are defined so as to be
consistent with other definitions of these real functions.
Define log : C — C to be an inverse function of exp. Let w, z € C. We define w?
by
w*® = exp(zlog(w)).
Thus exp(z) = e*.
Euler evaluated exp(iz), separating the real and imaginary parts, and found

exp(iz) = Z (i2)

|
0 n.
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= cosz +isinz.
In particular, if z = 6 € R, we have
Theorem 2 (Euler’s Theorem). Let 0 € R. Then
e’ = cis(6).
Letting 6 = 7, we get the beautiful
e™ +1=0,

a formula that relates the four most important constants in mathematics.



5. SUM OF SQUARE RECIPROCALS

5.1. Historical Background. Recall the triangular numbers

ZZ— ’I’L+1

Leibnitz was challenged by Huygens to find the sum of their reciprocals. First

factor out a 2 from all the terms ﬁ; then compute
i 1 B i [ n+l }
—n(n+1) N —lnn+1) n(n+1)
-3 [l
N —ln n +1

Thus the sum of the reciprocals of the triangular numbers is 2.
Jacob Bernoulli, who knew that the harmonic series > % diverges, then realized
that

o0 1 o0
EZ:TT g n+1

Euler was able to compute the value to which the sum of the reciprocals of the
square natural numbers converges.

5.2. Polynomials with Specified Roots. Let aq,...,a, € C. We wish to con-
struct a canonical polynomial with these zeros. One way is to select the polynomial
to be monic; that is, to have 1 as the leading coefficient. The polynomial with this
property is just

n

fla) =TT - a).

i=1
In this case, we know that the coefficients of f(x) are symmetric functions of the
zeros. However, we may also choose to normalize the polynomial by selecting the
constant coefficient to be 1. For this case, set

(t o) = [[1- 2.

The coefficient of z in g(z) is

(%) >



5.3. Euler’s Method. Let g(z) = S22; the power series expansion for g(z) is
arrived at by taking the Taylor series for sin x and dividing it, term by term, by x,
to obtain:

2 LC4 LE6

x
g(x)zl—g—i-ﬁ—ﬁ—i—....
This has the appearance of a polynomial whose constant coefficient in 1, except
that it infinitely many terms. Euler, being undeterred by this last fact, assumed
that g(z) could be written as an infinite product of linear terms as in equation ().
Note that g(0) = 1; otherwise, the zeros of g(z) are exactly those of sinz; they
are Z = {£m,+2m,+£3x,...}. Thus Euler arrives at

g(@)= [T -2)
= (-2 D)(a- 50+ 50) (A=) -

(- 5)0- ) (- ) -

Multiplying out this infinite product, Euler finds the coefficient of the 22 term, and
equates it to the coefficient of the 22 term of the power series expansion of g(z), as
in equation (x), to get

1 = -1
R o=t
n=1
Multiply both sides by —7? to arrive at the mysterious result
o 2
>
5=
—n 6
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